Abstract-The feeder reconfiguration problem chooses the on/off status of the switches in a distribution network in order to minimize a certain cost such as power loss. It is a mixed-integer nonlinear program and, hence, hard to solve. In this paper, we propose a heuristic algorithm that is based on the recently developed convex relaxation of the ac optimal power flow problem. The algorithm is computationally efficient and scales linearly with the number of redundant lines. It requires neither parameter tuning nor initialization for different networks. It successfully computes an optimal configuration on all four networks we have tested. Moreover, we have proved that the algorithm solves the feeder reconfiguration problem optimally under certain conditions for the case where only a single redundant line needs to be opened. We also propose a more computationally efficient algorithm and show that it incurs a loss in optimality of less than 3% on the four test networks.
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I. INTRODUCTION
A primary distribution system consists of buses, distribution lines, and (sectionalizing and tie) switches that can be opened or closed. There are two types of buses. Substation buses (or just substations) are connected to a transmission network from which they receive bulk power, and load buses 1 that receive power from the substation buses. During normal operation the switches are configured so that: 1) there is no loop in the network; 2) each load bus is connected to a single substation. Hence, there is a tree component rooted at each substation, and we refer to each such component as a feeder. The optimal feeder reconfiguration (OFR) problem seeks to alter the on/off status of these switches for the purpose of load balancing or loss minimization subject to the above two requirements, e.g., [2] - [5] . Also see a survey in [6] for many early papers and references to some recent work in [7] .
The OFR problem is a combinatorial (on/off status of switches) optimization problem with nonlinear constraints (power flow equations) and can generally be NP-hard. Various algorithms have been developed to solve the OFR problems. Following the convention in [7] , they roughly fall into two categories: formal methods and heuristic methods.
A. Formal Methods
Formal methods solve the OFR problem using existing optimization approach. They usually require significant amount of computation time. In [5] , the problem is solved using a simulated annealing technique where the problem is formulated as a multi-objective mixed-integer constrained optimization. In [8] , ordinal optimization is proposed to reduce the computational burden through order comparison and goal softening. In [9] , the problem is solved using generalized Benders decompositions. In [10] , a mixed-integer linear programming solver is applied to solve the problem after linearization of the power flow equations. In [7] , the problem is formulated as a mixed-integer nonlinear program which is then solved as a mixed-integer convex program through the second-order cone program (SOCP) relaxation.
B. Heuristic Methods
Heuristic methods exploit structural properties to solve the OFR problem. They are usually more computationally efficient than formal methods. In [3] , an "iterative branch exchange approach" is applied to OFR. The network is initialized with a feasible topology. At each iteration, an opened switch is closed, and a closed switch is opened to reduce the cost and maintain the radial structure. The algorithm stops once a local minimum is reached, i.e., for each currently opened switch, closing it and opening another switch will not further decrease the cost. See [4] and [11] for further developments on this approach. This approach has the advantage that the intermediate configuration is always feasible, hence we can terminate the algorithm at any iteration to obtain a feasible solution. However, the performance is sensitive to the initial configuration, and sometimes it takes too many iterations for the algorithm to terminate. A different heuristic approach, first proposed in [2] termed "successive branch reduction approach" in this paper, assumes all of the switches are initially closed, and they are sequentially opened based on a given criteria until a radial configuration is reached.
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This approach has two major advantages: 1) unlike the "iterative branch exchange approach," no initialization is required and 2) the number of iterations are bounded by the number of redundant lines, which is usually small in practice. Some developments on this approach include relaxing the binary variable representing the status on the switch [12] , [13] and generalization to unbalanced network based on a constant current model [14] . OFR is a mixed-integer nonlinear optimization problem and therefore NP-hard in general. To overcome the first difficulty (mixed-integer optimization), we propose a heuristic approach that only involves solving a small number of ac optimal power flow (OPF) problems and no mixed-integer optimization. We theoretically show that the proposed heuristic can obtain the global optimal solution under certain assumptions. Indeed, global optimal configurations can always be found on the four practical networks in our simulations. To overcome the second difficulty (nonconvexity of AC OPF), we build on the recent development of SOCP relaxation of AC OPF. The effectiveness of this new approach is illustrated both through simulations of standard test systems and mathematical analysis under certain assumptions. Specifically, the main contributions of the paper are twofold.
First, we propose an algorithm to optimize the "successive branch reduction approach." The algorithm uses a branch flow model introduced in [15] and [16] for radial systems and exploit the recent development on solving the optimal power flow problem through convex relaxation [17] - [19] ; see a tutorial in [20] and [21] for more details. The algorithm has three major advantages, which are given here. 1) Efficiency: the complexity is linear in the number redundant lines that need to be opened. 2) Accuracy: the algorithm is proved to solve OFR optimally under certain assumptions in the case where there is a single line that needs to be opened. Simulations on four practical networks show that it can find a globally optimal solution in the general case as well. 3) Hassle-free: there are no parameters and initialization that need to be tuned for different networks. Second, we simplify the above algorithm into one that has a constant complexity, i.e., the time complexity is independent of the number of redundant lines. Simulations on the same four practical networks show that the loss in optimality is less than 3%.
The remainder of this paper is organized as follows. We formulate in Section II the OFR problem. We propose and analyze in Section III our algorithms to solve the OFR problem when there is only one redundant line. The algorithms are extended in Section IV to general networks with arbitrary number of redundant lines. The simulation results are presented in Section V. We conclude in Section VI. All proofs are relegated to the Appendix.
II. MODEL AND PROBLEM FORMULATION
Here, we define the OFR problem in a distribution network. We then review the OPF problem and how to solve it through the SOCP relaxation. 
Notations
We model a distribution network by a directed graph , where represents the set of buses and the set of lines connecting the buses in . We associate a direction with each line represented by an ordered pair of nodes in . There are two types of buses. Substation buses (or just substations) are connected to a transmission network from which they receive bulk power and load buses that receive power from the substations. 
Given two real vectors , means for and means for at least one component. The Pareto front (see [22] for more properties) of a compact set is defined as such that (4)
A. Problem Formulation
There are sectionalizing or tie switches on the lines that can be opened or closed. OFR is the problem of reconfiguring the switches to optimize certain objective subject to the topological constraints, power flow equations, and operational constraints on voltage magnitudes and power injections. Typical objective includes optimizing total line loss, real power injection from the substations or load balancing. Let denote the objective function. Then, the following is true.
• To minimize total line loss, we can set
• To minimize real power injection from the substations, we can set
• To balance loads for substations, we can set
There are two topological constraints on configuring the switches during normal operations.
1) Each load bus is connected to a single substation.
2) There is no loop in the network. Any subset of lines whose switches can be closed concurrently to satisfy both 1) and 2) is defined as a feasible configuration. Let , which represents the set of all feasible configurations. When , i.e., there is only one substation, consists of the set of such that is a spanning tree of . We adopt the branch flow model first proposed in [15] and [16] which has the phase angles of voltages and currents eliminated and uses only the variables . For any , let represent the projection of on graph ,i.e., collects all the variables in except the branch power and branch current for . The variables in satisfy:
Given a vector that satisfies (5), the phase angles of the voltages and currents can be uniquely determined if there is no loop in . This is important for us since there is no loop in any feasible configurations , and therefore this relaxed model (5) is equivalent to the full AC power flow model; See [18, section III-A], for details.
In addition, there are also operational constraints on the power injection and voltage magnitude at each bus, given as follows.
• Power injection constraints: for each bus (6a)
• Voltage magnitude constraints: for each bus (6b)
For instance, if the voltage magnitude at each bus is allowed to deviate by 5% from its nominal value, then and . For any configuration , let , which represents the feasible set of the , then the OFR problem can be written as (7) where (8) Different configurations are implemented by different switch settings. OFR is difficult to solve due to the nonlinear feasible set for a given configuration and the discrete nature of . Before developing algorithms to solve OFR, we first review the OPF problem, on which our algorithms are based.
B. OPF and SOCP Relaxation
The OPF problem seeks to optimize certain objective, e.g., total line loss or real power injection from the substations, subject to power flow (5) and operational constraints (6) . Unlike the OFR problem, the OPF problem assumes a fixed switch configuration, i.e., it does not optimize over the topology of the network. For any ( is not required to be in ), the OPF problem is (9) Note that the problem (8) is an instance of the OPF problem. The OPF problem (9) is noncovex due to the equalities in (5c). This is relaxed to inequalities in [17] , [18] (10) resulting in a (convex) SOCP (11) where satisfies and is the feasible set after relaxation. Clearly, the relaxation ROPF (11) provides a lower bound for the original OPF problem (9) since the original feasible set . The relaxation is called exact if every optimal solution of ROPF attains equalities in (5c) and hence is also optimal for the original OPF; see [20] and [21] for more details. For a network with a tree topology, SOCP relaxation is exact under some mild conditions [18] , [19] . 2 Throughout this paper, we assume the SOCP relaxation is always exact. Then, we have the following result of [19, Theorem 3] , which will be useful for us. Theorem 1: Suppose ROPF is exact and the feasible set is nonempty. Then, there exists a unique solution provided the objective function is convex and nondecreasing in .
III. NETWORK WITH SINGLE REDUNDANT LINE
Here, we consider the special case where there is only one redundant line that needs to be opened, i.e.,
. We develop an algorithm to solve the OFR problem in this case and prove that the algorithm solves OFR optimally under certain assumptions. In addition, we simplify the above algorithm to reduce its computation complexity and incur negligible loss in optimality. We extend both algorithms to the general networks in the next section.
Algorithms
When there is only one redundant line that needs to be opened, there are two possible cases, as illustrated in Fig. 2.  1 ) and , i.e., there are two substations and lines as shown in Fig. 2(a) . Then, each load bus is connected to two substations, and we need to open one line from the path between the two substations. 2) and , i.e., there is one substation and lines as in Fig. 2(b) . Then, there exists a loop and we need to open one line to break the loop. The algorithm to solve both cases in Fig. 2 is stated in Algorithm 1. The basic idea of Algorithm 1 is simple and we illustrate it using the line network in Fig. 3 . For the line network in Fig. 3 , let the buses at the two ends be substation buses and buses in between be load buses. Then , and . We use and interchangeably for notational convenience. 
11: return
For the line network shown in Fig. 3 , each load bus is connected to both substation 0 and , thus the set of feasible configuration is given as i.e., each line in can be opened to create a feasible configuration. For each bus , the set of lines with one end at it is given as In Algorithm 1, we first solve OPF-, which provides an optimal solution assuming all the lines are closed. Then we search for a branch , whose branch power flow is minimum in . Denote and the line we will open is based on the following criteria: 1) and : There is only one candidate, i.e., and line is opened. It means substation absorbs real power.
2)
and : There are two candidates, i.e., . Either line or is opened, depending on which gives a smaller objective value.
3)
and : There is only one candidate, i.e., and line is opened. This means substation 0 absorbs real power. 4) and : There are two candidates, i.e., . . Either line or is opened, depending on which gives a smaller objective value. The intuition behind Algorithm 1 is that the line which will be opened is close to the line where there is minimum branch flow power if we solve the problem assuming all the lines are closed (OPF-). Hence, we need to solve two other OPF problems for comparing the objective of the two candidates in addition to OPF-. Indeed, we can directly open the line with minimum branch power flow to simplify the algorithm after OPFis solved. By doing this, we sacrifice accuracy but simulation results show that the solution of the corresponding algorithm incurs a similar cost as that of Algorithm 1. The simplified algorithm is stated in Algorithm 2. 
A. Performance Analysis
We analyze the performance of Algorithm 1, i.e., whether the configuration returned by Algorithm 1 is optimal for OFR. There are two possible cases, as illustrated in Fig. 2 . Case (b) can be reduced to case (a) by replacing the substation 0 by two virtual substations 0 and as shown in Fig. 2(a) , where , . Hence, we only need to focus on case (a). For ease of presentation, we only prove the results for a line network as shown in Fig. 3 . They generalize in a straightforward manner to radial networks as shown in Fig. 2(a) . We make several assumptions below for our analysis.
A1
is compact. A1 says that only substation buses 0 and inject real power while load buses absorb real power. A2 says that the voltage magnitude at each bus is fixed at their nominal value. A3 bounds the angle difference between adjacent buses. 3 A4 says that the objective function is merely a function of the power injections at two substations. A5 is a technical assumption that guarantees that our optimization problems are feasible.
The assumptions A1-A5 may not hold in practice, e.g., A1 is violated when there are distributed generators at some load buses, A2 is violated when buses have limited reactive power injection capability. However, we only need A1-A5 to make precise statements about the performance of Algorithm 1. We will first explain the intuition before formally stating the result in Theorem 2.
We now rewrite the OFR problem (7) for the line network in Fig. 3 . Some new notations will be defined, which will only be used in this section. For any , let and represent the two subtrees rooted at 0 and , respectively, if line is opened. Denote (12) where and is the optimal solution to a given configuration and defined in (8) .
represents the minimum power injection at the substations for the two subtrees and after line is opened. Then, the OFR problem (7) for the line network (Fig. 3) can be written equivalently as (13) Define an OPF problem (14) 3 Although voltage phase angles are relaxed in the relaxed branch flow model (5), they are uniquely determined by in a radial network [18] . Recall that is the feasible set of physical variables given a configuration and is the convexified . Let represent the projection of on and be the projection of on . By definition of Pareto front in (4), the exactness of SOCP relaxation implies that . Lemma 1: Suppose A4-A5 hold and the SOCP relaxation is exact. Then 1) .
2)
is a strictly convex decreasing function of . By Lemma 1-1), , hence OPF-can be written equivalently as (15) In other words, solving OPF-is equivalent to finding a point when the level set of first hits the curve on a two-dimensional (2-D) plane, where the -axis and -axis are the real power injections from substation 0 and , as shown in Fig. 4 . On the other hand, the OFR problem can be written as (13) and solving OFR is equivalent to find a point when the level set of first hits one point in on the 2-D plane. Supposing A1-A5 hold, then all of the feasible points locate exactly on the curve , as shown in Fig. 4(a) . Thus, we can obtain exactly the optimal solution to OFR by checking the points adjacent to the optimal solution to OPF-, which is performed in Algorithm 1. The result is formally stated in Theorem 2.
Theorem 2: Suppose A1-A5 hold. Then the configuration returned by Algorithm 1 is optimal for OFR (7) .
Remark: Theorem 2 shows that Algorithm 1 computes an optimal solution of OFR under assumptions A1-A5, which may not hold in practice. Without assuming A1-A5, does not locate exactly on the curve as shown in Fig. 4(b) . Thus, the points adjacent to the optimal solution to OPF-may not be optimal for OFR. Indeed, we can create artificial examples to show that Algorithm 1 fails to find a global optimal configuration. However, the suboptimality gap is usually small since the points are close to the curve , and global optimal configuration can always be found in our simulations on four practical networks.
IV. GENERAL NETWORK CONFIGURATION
In Section III, we proposed two algorithms to solve the OFR problem assuming there is only one redundant line that needs to be open. Here, we will extend both Algorithms 1 and 2 to general networks where there may be more than one redundant lines that need to be opened. As before, one of the algorithms has a higher accuracy but requires more computation (Algorithm 3) and the other lower accuracy but less computation (Algorithm 4).
Loosely speaking, Algorithm 1 consists of the following procedure.
Step 1) Solve OPF problem assuming all the lines are closed.
Step 2) Find the line with minimum branch power flow. 12: end while
13: return
Similarly, we can mimic Algorithm 2 and have an efficient algorithm which merely solve one OPF problem. Algorithm 2 consists of the following procedure.
1) Solve OPF problem assuming all of the lines are closed.
2) Open the line with minimum branch power flow. We generalize Algorithm 2 in the following manner. We solve only one OPF problem OPF-, which assumes all of the lines are closed. Then, we sequentially choose one line with the smallest branch power flow in the remaining closed lines merely based on the solution to OPF-. Our simulations show that the simplification leads to negligible loss in optimality compared to Algorithm 3. The algorithm is stated in Algorithm 4. 
V. SIMULATIONS
Here, we present examples to illustrate the effectiveness of the algorithms proposed in Section IV (The algorithms in Section III are special cases). We used a Macbook Pro with 2.9 GHz Intel Core i7 and 8 GB memory. The algorithms are implemented in MATALB 2013a and the OPF problem is solved using Gurobi optimization solver.
We test the algorithms on four practical distribution networks. Test network 1 is from Taiwan Power Company and the network data is taken from [24] . Test network 2 is from Brazil and the network data is taken from [25] . There are no renewable generations in these two networks. Test networks 3 and 4 are from Southern California Edition with renewable generations and taken from [17] , [26] . Since the original data on these two networks consist of a single substation and contain no loop, we make several modifications to add loops in order to test our algorithms. The modified circuit diagram and network data of test network 3 are shown in Fig. 5 and Table I . The modified circuit diagram and network data of test network 4 are shown in Fig. 6 and Table II. In the simulations, the voltage magnitude of the substations is fixed at 1 p.u. The voltage magnitudes at all other buses are allowed to vary within [0.95, 1.05] p.u. Our objective is to minimize the power loss, i.e.,
. For all four networks, Algorithm 3 always computes an optimal configuration and Algorithm 4 computes a configuration with only up to 3% loss in optimality.
A. Case I: Tai-83 Bus System
The Tai-83 bus system consists of 96 lines and 13 of them needs to be kept open to satisfy the configuration requirement. This network has been tested in [7] , [24] , [27] - [30] using different approaches. In [7] , Jabr et al. show that opening lines (7, 13, 34, 39, 42, 55, 62, 72, 83, 86, 89, 90, 92) gives an optimal solution using mixed-integer convex programming solver. The results are summarized in Table III , where we also show the loss reduction, 4 which represents the relative saving on power loss due to reconfiguration.
We run both Algorithms 3 and 4 for this network. Algorithm 3 returns the same optimal solution as [7] , [29] , and [30] . However, Algorithm 3 is computationally very efficient since we only solved 39 OPF problems, which take 0.94 seconds on a laptop (MacBook). Algorithm 4 opens lines (7, 13, 33, 39, 42, 63, 72, 82, 84, 86, 89, 90, 92) with a power loss of 471.39 KW. Compared with the optimal solution of 469.88 KW, the difference in the power loss is less than 0.4% but we only need to solve 1 OPF problem, which takes 0.024 s on a laptop. 4 loss reduction power loss after reconfiguration
B. Case II: Brazil-135 Bus System
The Brazil-135 bus system consists of 156 lines and 21 of them needs to be kept open to satisfy the configuration requirement. This network has been tested in [7] , [25] , [30] using different approaches. In [7] , Jabr, et al. show that opening lines (7, 35, 51, 90, 96, 106, 118, 126, 135, 137, 138, 141, 142, 144, 145,  146, 147, 148, 150, 151, 155) gives an optimal solution using mixed integer convex programming solver. The results are summarized in Table IV. Algorithm 3 computes the same optimal solution as [7] , [30] . However, Algorithm 3 is computationally very efficient since we only solved 63 OPF problems, which take 2.2 seconds on a laptop. Algorithm 4 opens lines (35, 51, 55, 84, 90, 106, 126,  135, 136, 137, 138, 141, 143, 144, 145, 147, 148, 152, 150 , 151, 155) with a power loss of 288.01 KW. Compared with the optimal solution of 280.19 KW, the difference in the power loss is less than 2.8% but we only need to solve 1 OPF problem, which takes 0.055 s on a laptop.
C. Case III: SCE-47 Bus System
The original data for the SCE 47-bus system does not contain loops, so we added two lines to connect the substation bus 1 to two load buses 12 and 30, respectively. Hence there are 49 lines and 2 of them needs to be open in the modified feeder. In addition to the loads, there are 5-PV panels and their power injections can be controlled. The nameplates for these 5-PV panels can be found in Table I .
There are in total 95 feasible configurations. We first calculate the objective value of all of the 95 configurations. The best configuration is opening lines , resulting in 32.6-KW power loss. The average power loss is 63.7 KW and the worst configuration's power loss is 136.9 KW across the 95 configurations. Hence the average power loss is almost twice as bad as the minimum power loss and the worst configuration is four times as bad as the minimum! Both Algorithms 3 and 4 find the optimal configuration for this network. Algorithm 3 solves 4 OPF problems (0.055 s) and Algorithm 4 solves 1 OPF problem (0.014 s). Compared with solving one OPF problem for each configuration to obtain the optimal solution, both algorithms are much more efficient without any loss in optimality.
D. Case IV: SCE-56 Bus System
In contrast to the SCE-47 system, where there are five relatively small PV panels, the SCE 56-bus system consists of a single big PV system with a capacity of 5 MW. We make the following modifications.
• We add a line between bus 1 and bus 32 to create a loop.
• We assume there are two additional substations (bus 57 and 58): attached to substation 19 and 53, respectively. There are 59 lines and 3 lines need to be kept open. There are in total 724 feasible configurations. We first calculate the objective value of all of the 724 configurations. The best configuration is opening lines , resulting in 9.89 KW power loss. The average power loss is 23.4 KW and the worst power loss is 211 KW across the 724 configurations.
We run both Algorithm 3 and 4 for this network. Algorithm 3 computes the optimal solution by opening lines but solves just 9 OPF problems, which take 0.14 seconds. Algorithm 4 opens lines with a power loss of 9.92 KW. Compared with the optimal solution of 9.89 KW, the difference in the power loss is less than 0.3% but Algorithm 4 only needs to solve one OPF problem, which takes 0.015 s.
VI. CONCLUSION
We have proposed two algorithms with different tradeoffs on efficiency and accuracy for feeder reconfiguration, based on the SOCP relaxation of OPF. We have proved that the algorithm solves OFR optimally under certain assumptions for a special case where there is only a single redundant line that needs to be opened, and have shown that the gap is very small. We have also demonstrated the effectiveness of our algorithms through simulations on four practical networks. 
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